Abstract. We study the problem of whether an arbitrary codimension three graded artinian Gorenstein algebra has the Weak Lefschetz Property. We reduce this problem to checking whether it holds for all compressed Gorenstein algebras of odd socle degree.
Introduction
The Weak Lefschetz Property (WLP) for an artinian graded algebra A over a field k simply says that there exists a linear form L that induces, for each i, a multiplication ×L : [A] i −→ [A] i+1 that has maximal rank, i.e. that is either injective or surjective. At first glance this might seem to be a simple problem of linear algebra, but instead it has proven to be extremely elusive, even in the case of very natural families of algebras. Many authors have studied these problems from many different points of view, applying tools from representation theory, topology, vector bundle theory, plane partitions, splines, differential geometry, among others (cf. [3, 11, 17, 19, 24, 25, 28, 36] ). The role of the characteristic of k in this problem has also been an important, if only superficially understood, aspect of these studies.
One of the most interesting open problems in this field is whether all codimension 3 graded artinian Gorenstein algebras have the WLP in characteristic zero. In the special case of codimension 3 complete intersections, a positive answer was obtained in characteristic zero in [20] using the Grauert-Mülich theorem. For positive characteristic, on the other hand, only the case of monomial complete intersections has been studied (cf. [4, 6, 8, 9, 10, 26] ), applying many different approaches from combinatorics.
For the case of codimension 3 Gorenstein algebras that are not necessarily complete intersections, it is known that for each possible Hilbert function an example exists having the WLP (in [18] this is proved in a much more general setting). Some partial results are given in [33] to show that for certain Hilbert functions, all such Gorenstein algebras do have the WLP. But the general case remains completely open.
The present paper has two goals. First, we give a reduction of this problem to a very specific type of Gorenstein algebra. That is, we show that in order to prove that the WLP holds for all artinian Gorenstein algebras of codimension 3, it is enough to prove that it holds for all compressed artinian Gorenstein algebras of odd socle degree; that is, for artinian Gorenstein algebras having maximal Hilbert function 1, 3, 6, . . . ,
, . . . , 6, 3, 1 .
The first case, (1, 3, 3, 1) , follows from a result in [33] . The second goal of this paper is to show that a solution of the first open case, namely Hilbert function (1, 3, 6, 6, 3, 1) , already involves subtle geometric properties of certain morphisms between projective spaces and certain classical configurations of points known as Hesse configurations. We use these ideas to show that the WLP always holds for (1, 3, 6, 6, 3, 1) in characteristic zero, and that in positive characteristic the WLP continues to hold except when the characteristic is 3 and, after change of variables, the ideal is of the form (x 2 y, x 2 z, y 3 , z 3 , x 4 + y 2 z 2 ). As a corollary we get that in characteristic zero all artinian Gorenstein algebras of socle degree at most 5 also have the Strong Lefschetz Property.
Note that any solution to this problem will necessarily involve methods that are special to a polynomial ring in three variables (or from a geometric point of view, a consideration of the projective plane), since it is well-known that this problem has a negative answer in four or more variables. Attempts to solve this problem in the past have involved many approaches, including the use of theorems of Macaulay and of Green, the use of syzygy bundles, etc. The idea of using a basis for the vector space of forms of initial degree in the ideal to define a morphism from P 2 to a suitable projective space (when this basis defines a base point-free linear system) has also been used in the past. In this paper we give a connection between this latter approach and the existence of very special configurations (Hesse configurations) of points in the plane in the first open case, namely (1, 3, 6, 6, 3, 1) . Our tools are the geometry of the morphism and its image, as well as liaison theory. Moreover, as an important ingredient we use the Buchsbaum-Eisenbud Structure Theorem [5] which is special to the three variable case. It is our belief that our method has much more to give. It has recently been established that the failure of WLP is related to morphisms with unexpected properties [28] , which has been used, e.g., in [10] and [11] . Indeed, although we conjecture that ultimately a positive answer will arise in characteristic zero, we think that our approach could also indicate where to look for a counter-example. Thus we present it not as a finished package, but as a new tool to attack the general case.
Injectivity and reduction to the compressed case
Let k be an algebraically closed field. Given a graded artinian algebra A = S/I where S = k[x 1 , x 2 , . . . , x n ] and I is a homogeneous ideal of S, we denote by H A : Z −→ Z with H A (j) = dim k [A] j its Hilbert function. Since A is artinian, its Hilbert function is captured in its h-vector h = (h 0 , h 1 , . . . , h e ) where h i = H A (i) > 0 and e is the last index with this property. The integer e is called the socle degree of A. We will use the notion codimension for h 1 , even though in some cases, embedding dimension would be a more correct notion.
Recall that the graded k-algebra A is Gorenstein if its socle Soc(A) = {a ∈ A | a · (x 1 , x 2 , . . . , x n ) = 0} is 1-dimensional, i.e. Soc(A) ∼ = k(−e). Its h-vector is symmetric, i.e. h i = h e−i for all i. Definition 2.1. Let A = S/I be a graded artinian k-algebra. We say that A has the Weak Lefschetz Property (WLP) if there is a linear form L ∈ [A] 1 such that, for all integers i ≥ 0, the multiplication homomorphism
has maximal rank, i.e. it is injective or surjective. We say that A has the Strong Lefschetz Property (SLP) if there is a linear form L ∈ [A] 1 such that for any two indices i ≤ j, the multiplication homomorphism
In this section we will exploit an idea from Hausel's proof of the following theorem. Recall that a pure O-sequence is the Hilbert function of a monomial artinian level algebra, or equivalently, the rank function of a finite monomial order ideal (see e.g. Stanley's seminal paper [35] , where both pure O-sequences and level algebras were introduced). [21] ) Let h = (h 0 , h 1 , . . . , h e ) be a pure O-sequence. Then the first half of h is differentiable, and
Theorem 2.2. (Hausel
The idea is that by Macaulay duality, the ideal I of an artinian level algebra of type t is the intersection of Gorenstein ideals I 1 , I 2 , . . . , I t , and that we have an injective homomorphism
If the multiplication by a form f on each factor S/I i is injective, then so is the multiplication on S/I. In Hausel's case, the Gorenstein algebras are monomial complete intersections and they all satisfy the SLP, so powers of linear forms give injective multiplication in the appropriate degrees on the monomial level algebra.
Since we will use this idea extensively, we formalize it into the following remark.
Remark 2.3. Let V and W be vector spaces over the same field k, and let V 1 , . . . , V t and W 1 , . . . , W t be subspaces of V and W , respectively. Set
Suppose there exists a vector space homomorphism φ : V −→ W such that all of the induced homomorphisms φ i : V /V i −→ W/W i are well-defined and injective. Then the induced homomorphism φ : V / V −→ W/ W is also well-defined and injective.
In this section we will use Remark 2.3 to prove that in order for all Gorenstein algebras of codimension 3 to enjoy the WLP, it suffices to prove the property for those that are compressed and of odd socle degree.
As we will see below, Remark 2.3 also connects, in a new way, the Weak and the Strong Lefschetz Properties with some of the combinatorial features of a Hilbert function, such as unimodality, differentiability, and flawlessness.
For instance, we will show that, if the WLP holds for all codimension 3 Gorenstein algebras, then all level Hilbert functions of the same codimension are differentiable throughout their first half (i.e., their first difference is an O-sequence). If, moreover, all Gorenstein algebras enjoy the SLP (in fact, a bit less), then all level Hilbert functions h = (1, h 1 , . . . , h e ) satisfy the inequalities h i ≤ h j , for all indices i ≤ j ≤ e−i. In particular, they are flawless; i.e., h i ≤ h e−i for all i ≤ e/2.
Next, we discuss some of the consequences of Remark 2.3 that concern level and Gorenstein algebras. The first of these applications greatly simplifies the study of the WLP in the codimension 3 Gorenstein case, which is the main topic of this paper.
Recall that an artinian level algebra A = S/I of socle degree e and type t is said to be compressed if its Hilbert function is given by:
In other words, the Hilbert function of A is as large as possible in each degree, for it grows maximally both from the right and from the left. While it is not hard to see that the displayed formula for h A is an upper-bound, it is nontrivial to show that the bound is actually achieved. In fact, more is true: there exists an irreducible parameter space for which that bound is achieved on a (nonempty) Zariski-open subset.
Compressed algebras were first defined and studied (in a slightly more general context than level algebras) by A. Iarrobino [22] , using Macaulay's inverse systems (we refer to [13, 23] for details on the theory of inverse systems). See also [12] , where R. Fröberg and D. Laksov reproved some of Iarrobino's results by means of a direct approach, and the fifth author's [38, 39] , for a generalization of the concept to arbitrary artinian algebras.
We shall also need the following lemma. In its proof, H will denote the inverse system module generated by a homogeneous form
Lemma 2.4. Fix e ≥ 3 odd. If some Gorenstein algebra of socle degree e fails the WLP, then the same is true for some compressed Gorenstein algebra of socle degree e.
Proof. Let F ∈ E be an element of odd degree e = 2d + 1. We will show that, if A = S/ ann( F ) does not satisfy the WLP, then there exists an element G of degree e such that B = S/ ann( G ) is compressed and does not satisfy the WLP. Suppose the Hilbert function of A is (1, h 1 , . . . , h 2d+1 ). In order to verify whether or not the WLP holds for A, it suffices to check the injectivity of the homomorphism ×L :
By [22] , there exist elements
, we obtain that B is a compressed Gorenstein algebra. On the other hand, the rank of the homomorphism ×L : B d −→ B d+1 is at most s higher than the rank of ×L : A d −→ A d+1 . Thus, if A fails to have the WLP, so does B.
Corollary 2.5. Let r and e be positive integers, with e even. If all artinian compressed Gorenstein algebras of codimension ≤ r and socle degree e − 1 have the WLP, then all artinian Gorenstein algebras of codimension ≤ r and socle degree e have the WLP.
In particular, since all codimension 2 algebras have the WLP (see [20, 32] ), if all codimension 3 artinian compressed Gorenstein algebras of odd socle degree have the WLP, then all codimension 3 artinian Gorenstein algebras have the WLP.
Proof. By Lemma 2.4, it is enough to show that if A = e i=0 A i is a Gorenstein algebra of codimension r and even socle degree e failing the WLP, then the WLP also fails for some Gorenstein algebra of socle degree e − 1 and codimension ≤ r.
The truncation B = e−1 i=0 B i = S/I of A is clearly a level algebra also failing the WLP. Since B has type t = dim k B e−1 , we have that I can be expressed as the intersection of t ideals of R, say I
(1) , . . . , I (t) , such that all algebras B (i) = S/I (i) are Gorenstein of socle degree e − 1 and codimension at most r.
Since the WLP for Gorenstein algebras only needs to be checked in the middle degree, an application of Remark 2.3 now shows that at least one of the B (i) must fail the WLP. This completes the proof of the corollary.
The following corollary shows two important consequences of Remark 2.3, which connect in a new fashion the Lefschetz Properties and the combinatorics of level Hilbert functions. Proving the next two results unconditionally, for instance for level Hilbert functions of codimension 3 and characteristic zero, would be extremely interesting.
Corollary 2.6.
(1) Assume all artinian Gorenstein algebras of socle degree e and codimension ≤ r enjoy the WLP. Then the first half of any artinian level Hilbert function of socle degree e and codimension ≤ r is differentiable.
(2) Assume all artinian Gorenstein algebras of socle degree e and codimension ≤ r enjoy the SLP. Then any artinian level Hilbert function h = (h 0 , h 1 , . . . , h e ), with h 1 ≤ r, also satisfies the inequalities h i ≤ h j , for all i ≤ j ≤ e − i. In particular, h is flawless.
Proof.
(1) Let A = S/I be a level algebra having Hilbert function h, where I is the intersection of t = h e Gorenstein ideals I (1) , . . . , I (t) . Since all Gorenstein algebras B (a) = S/I (a) have the WLP, if L ∈ R is a general form, then multiplication by L is injective between any two consecutive degrees of the first half of any of the B (a) . Thus, Remark 2.3 easily gives us that the injectivity of ×L is inherited by A throughout its first half; in particular, h is differentiable in those degrees, as desired.
(2) Since Gorenstein Hilbert functions are symmetric, if all algebras B (a) have the SLP, then for all indices i ≤ j ≤ e − i and a = 1, . . . , t, and any general linear form L ∈ S, we immediately have that multiplication by L j−i is injective from B Remark 2.7. We only remark here that, in the previous corollary, the SLP can in fact be replaced by a weaker but also natural condition, called the "Maximal Rank Property" (see [29] for details).
Recall that a numerical sequence is unimodal if it does not strictly increase after a strict decrease.
Example 2.8. We know from [20] that, when k has characteristic zero, every artinian complete intersection quotient of S = k[x, y, z] has the WLP. Let A = S/I be a type t level algebra, such that I can be written as the intersection of t complete intersection artinian ideals. Then, from Remark 2.3 and the proof of Corollary 2.5, it easily follows that the Hilbert function h A of A is differentiable throughout its first half. Notice that, moreover, if h A is unimodal with a peak in its middle degree, then by [34] , A also enjoys the WLP.
As a final illustration of the scope of Remark 2.3, we record the following result, whose proof is along the same lines as the above, hence will be omitted.
Corollary 2.9. Let A be an artinian Gorenstein algebra of socle degree e with nonunimodal Hilbert function. Then the general Gorenstein quotient of A of socle degree e − 1 fails the WLP.
Remark 2.10.
(i) For instance, we know from [30, 40] (see also [31] for a broad generalization) that there exist "many" Gorenstein algebras having a nonunimodal Hilbert function of the form H = (1, r, a, r, 1) , where a < r. In fact, as conjectured by Stanley [37] , in [30] three of the present authors proved that lim r→∞ f (r) r 2/3 = 6 2/3 , where f (r) is the least possible value of a such that H is Gorenstein; in [40] , the fifth author then showed that H is Gorenstein for all values of a = f (r), . . . , r+1 2 . Therefore, by Corollary 2.9, any Gorenstein algebra with Hilbert function H gives rise to a number of new Gorenstein algebras of socle degree 3 (and codimension r < a) that do not enjoy the WLP.
(ii) As the example in part (i) shows, Remark 2.3 also provides a new connection between the WLP and unimodality. Indeed, in Corollary 2.9 we cannot hope to replace the failure of WLP by non-unimodality in general since the abovementioned Gorenstein algebras of socle degree 3 have Hilbert function (1, r , r , 1).
Hesse configurations and the WLP
From now on, we let S = k[x, y, z]. In [20] , it was shown that, if the characteristic of k is zero, every complete intersection A = S/(F 1 , F 2 , F 3 ) has the WLP. (This is false in positive characteristic.) We would like to extend this result and know whether the same holds for any codimension 3 artinian Gorenstein algebra A = S/I. It is known that in characteristic zero the WLP holds for a nonempty open subset of the codimension 3 artinian Gorenstein graded algebras with fixed Hilbert function (cf. [18] ); however showing it for all codimension 3 artinian Gorenstein graded algebras has proved very elusive so far. Corollary 2.5 shows that it is enough to prove it in the case of compressed Gorenstein algebras of odd socle degree. The goal of this section is to prove the first open nontrivial case; namely, that all codimension 3 artinian Gorenstein algebras with h-vector (1, 3, 6, 6, 3, 1) do have WLP in every characteristic, except only when the characteristic is 3 and the ideal has a very precisely given form, up to change of variables. Remark 3.2. Note that we do not assume above that a Hesse configuration is reduced. Hesse configurations arise as the set of flex points on a smooth cubic curve over the complex numbers, and also as the affine plane over the field of three elements. In our study of Gorenstein algebras A of h-vector (1, 3, 6, 6, 3, 1), we will make use of a length 7 subscheme X of P 2 defined by a submatrix of the skew-symmetric matrix associated to A. We begin with a careful study of these subschemes. Proposition 3.3. Let X be a zero-dimensional subscheme of length 7 in P 2 not lying on a conic, i.e., having h-vector (1, 2, 3, 1), such that I X has three minimal generators (hence all of degree three). Let f be a form of degree 3 which is a non-zerodivisor on S/I X and let
be the Hilbert-Burch matrix for X, where 1 , 2 , 3 are linear forms and q 1 , q 2 , q 3 are quadratic forms. Then the following are equivalent:
(a) the forms 1 , 2 , 3 are linearly independent; (b) X does not have any subscheme of length 6 on a conic; (c) X does not contain a subscheme that is a complete intersection of type (2, 3); (d) there is a form g of degree 4 such that J + (g) is a Gorenstein ideal with Hilbert function (1, 3, 6, 6, 3, 1) .
Proof. Clearly (b) implies (c). A subscheme, Z, of length 6 on a conic is a complete intersection unless the forms in I Z of degree 3 in the ideal all have a common factor. But I Z contains I X , and by assumption the forms of degree 3 in I X do not have a common factor, since they generate I X . Hence (c) implies (b). The linear forms span either a 2-dimensional or a 3-dimensional space. If they span a 2-dimensional space, we can assume that 3 = 0 and we get a subscheme of length 6 on the conic defined by q 3 . If Z ⊆ X is a subscheme of length 6 on a conic, we get that I Z /I X has Hilbert function (0, 0, 1, 1, 1, . . . ), so we have a quadratic generator q of I Z and two linear forms and such that q and q are in I X . Since these elements have degree three, they are among the minimal generators of I X and they have a common factor. This forces the three linear forms of the Hilbert-Burch matrix to be linearly dependent. Thus . . . 1
where the Hilbert-Burch matrix M will occur as a submatrix of the last homomorphism.
From the last column, we see that we have one socle element in degree four. When dualizing, the dual module (S/J) ∨ = Hom k (S/J, k), has two minimal generators, one in degree −4 and one in degree −5.
If the linear forms of M are linearly independent, the generator in degree −5 generates everything in degree −3 and the generator in degree −4 is multiplied into the module generated by the other element by the maximal ideal. This means that when we choose g to be the generator of the socle in degree 4, we get a Gorenstein quotient S/(J + (g)) with h-vector (1, 3, 6, 6, 3, 1) .
If the linear forms of M only span a 2-dimensional space, this means that the dual generator corresponding to the socle element of degree 4 is not multiplied into the module generated by the other generator by all linear forms. Hence, the dual generator of degree −5 corresponding to the socle element of degree 5 does not generate all forms of degree −3 in the dual and we cannot get a Gorenstein quotient of S/J with h-vector (1, 3, 6, 6, 3, 1) .
We want to show that any graded artinian Gorenstein algebra with h-vector (1, 3, 6, 6, 3, 1) has the WLP. First we note that, if the WLP fails, then the rank of the corresponding multiplication homomorphism is off by exactly one.
Lemma 3.4. Let A be a graded artinian algebra with h-vector (1, 3, 6, 6, . . . ) .
, which we will view by abuse of notation as an ideal in k[x, y]. We have the exact sequence
Since 6 = We now consider a 4-dimensional vector subspace, W = f 1 , f 2 , f 3 , f 4 , of cubics in S. Assume that f 1 , f 2 , f 3 , f 4 have no common zeros in P 2 , so they define an artinian ideal. Associated to these polynomials is a morphism Φ : P 2 → P 3 . Φ is either generically one-to-one or generically three-to-one, and correspondingly Φ(P 2 ) either has degree 9 or 3. We will be interested in pencils defined by 2-dimensional subspaces of W . Notice that it is equivalent to choose a general 2-dimensional subspace and consider its base locus, Y , which will be a complete intersection, or to choose a general line, λ, in P 3 , intersect it with Φ(P 2 ), and look at the pre-image of the intersection points. We will use both points of view.
Remark 3.5. One of the consequences of our work will be that if R/(f 1 , f 2 , f 3 , f 4 ) fails the WLP then Φ cannot be generically one-to-one, except possibly in characteristic 3 (see Proposition 3.11). However, in order to finally reach this conclusion, we have to begin by seeing some intermediate consequences of such a property.
On the other hand, the well-known example W = x 3 , y 3 , z 3 , xyz shows that Φ can be generically three-to-one. Proposition 3.6. Let f 1 , f 2 , f 3 , f 4 be independent forms of degree 3 defining an artinian ideal, J. Assume that S/J fails the WLP from degree 2 to degree 3. Let L be the pencil of cubics in P 2 defined by a general 2-dimensional subspace of W = f 1 , f 2 , f 3 , f 4 and let Y be the scheme-theoretic base locus of L.
(a) If Φ is generically one-to-one, then Y is a reduced Hesse configuration in P 2 . (b) If Φ is generically three-to-one, then Y decomposes as Σ 1 ∪ Σ 2 ∪ Σ 3 , where Q 1 = Φ(Σ 1 ), Q 2 = Φ(Σ 2 ) and Q 3 = Φ(Σ 3 ) are distinct points. Furthermore, any line in P 2 joining points from two of these parts of Y will also contain a point from the third part. For each i, Σ i is a scheme of degree 3 that imposes only one condition on the elements of W .
Proof. Note that the condition that L is general implies that its base locus, Y , is zerodimensional, and that Y being zero dimensional is equivalent to the condition that Y is a complete intersection (scheme-theoretically).
Since L corresponds to a general line in P 3 , the image of Y under Φ consists of deg(Φ(P 2 )) distinct points. In characteristic 0 this is a consequence of Bertini's theorem, but in characteristic p we need a separate argument. Let h be the defining polynomial of the image Φ(P 2 ) in P 3 . Since Φ(P 2 ) is the image of an irreducible variety, we have that h is an irreducible polynomial.
The tangent space to Φ(P 2 ) at a point is 2-dimensional, unless ∂h/∂x 0 = ∂h/∂x 1 = ∂h/∂x 2 = ∂h/∂x 3 = 0. The singular locus is given by the points where all partial derivatives vanish. This is a subvariety of codimension at least 1 unless all partials vanish completely on Φ(P 2 ), but that means that they are identically zero, since f does not have any nontrivial factors. Thus we get that all variables occur only as pth powers, i.e., h is a polynomial in
Since the characteristic of k is p, we hence get that h is a pth power of another form, contradicting the irreducibility of h.
The tangent lines are either lines through a singular point of Φ(P 2 ), which gives us a variety of dimension at most 1+2 = 3 in the 4-dimensional grassmannian of lines in P 3 , or lines in the 2-dimensional tangent spaces at the nonsingular points, which gives a family of dimension 2 + 1 = 3. Thus, the general line is not tangent to Φ(P 2 ), and hence it meets Φ(P 2 ) in deg(Φ(P 2 )) distinct points by Bezout's theorem. Let L, W and Y be as in the statement of (a). Since L corresponds to the intersection of Φ(P 2 ) with a general line, λ, we can assume that Φ(Y ) consists of nine distinct points and hence Y is reduced.
Let Z = {P 1 , P 2 } be a set of two points of Y , so the h-vector of S/I Z is (1, 1). There are two possibilities, a priori: either (i) Z imposes one condition on W or (ii) Z imposes two conditions. But in fact since one can find a hyperplane in P 3 containing Φ(P 1 ) but not Φ(P 2 ), Z imposes two conditions. Thus Z uniquely determines L.
Let be the linear form in the ideal of Z. Consider the ideal ( , I Y ) which needs not be saturated. This defines a zero-dimensional scheme, which we want to show has length exactly 3. First note that the length must be at most 3, since it is a zero-dimensional scheme cut out by cubics. Suppose that ( , I Y ) defines a scheme of length 2, namely Z. Then by liaison, I Y : ( , I Y ) = I Y : ( ) := I Z defines a scheme, Z , of length 7 not lying on a conic, with h-vector (1, 2, 3, 1) . On the other hand, since S/J fails the WLP, there is a form q of degree 2 such that · q ∈ (f 1 , f 2 , f 3 , f 4 ). Since Z determines L and · q ∈ I Z , we have · q ∈ I Y and q ∈ I Z . Contradiction. Thus ( , I Y ) defines a scheme of length 3 and Z lies on a conic, since its h-vector is (1, 2, 2, 1) (again by liaison). Since Z was an arbitrary choice of two points of Y , we are done (a). Now consider case (b). As before, for a general line λ we can assume that λ meets Φ(P 2 ) in three distinct points, Q 1 , Q 2 , Q 3 . Hence the pre-image of these three points is a disjoint union
is a scheme of length 3 and Y is still a complete intersection. Let P i and P j be reduced points in Σ i and Σ j respectively (i = j). The same argument as above shows that the line joining P i and P j meets Y in a third point. We have to argue that it cannot be a point of Σ i or Σ j . Suppose it was. Then the plane cubic curve, which is the image of the line joining P i and P j , would meet the line λ at only two distinct points. This means that λ is tangent to the curve, but hence also tangent to Φ(P 2 ). However, as we saw above, a general line will not be tangent to Φ(P 2 ). Thus we conclude that the line contains points from each of the three parts. The pre-image of Q i can be found by choosing three general hyperplanes through Q i and considering the intersection in P 2 of the three elements of W corresponding to these hyperplanes. Let P ∈ Σ i be a reduced point. The fact that Σ i is the pre-image of Q i means that any element of W vanishing at P (which is a codimension 1 condition) in fact vanishes on all of Σ i . Thus Σ i imposes only one condition.
In the proof of the main theorem, we will use the fact that complete intersections of type (2, 3, 3) have the WLP. This is known in characteristic zero, but here we provide a complete characterization in any characteristic.
Lemma 3.7. If k is an infinite field, any complete intersection with Hilbert function (1, 3, 5, 5, 3, 1 ) has the WLP, except when the characteristic of the field k is 3 and the ideal is I = (x 2 , y 3 , z 3 ), after a change of variables.
Proof. Let I = (q, f, g) ⊆ S = k[x, y, z] be a complete intersection in S, where deg q = 2 and deg f = deg g = 3. Now g is a non-zerodivisor on X defined by (q, f ). If the multiplication by a linear form is not injective on A = S/I from degree 2 to degree 3 we have that q 1 = 1 q + αf + βg, for some quadratic form q 1 . This means that β = 0 if is a zerodivisor on X. Thus, in order to show that we have the WLP, it suffices to find a linear form which is a zerodivisor on X but still have injective multiplication from degree 2 to degree 3 on the coordinate ring B = S/(q, f ) of X.
We will first show that for a general form h = αf + βg, the subscheme defined by (q, h) has at least one simple point, unless q is a square or the characteristic of k is 3. First assume that q = 1 2 and we get (q, h) = ( 1 , h) ∩ ( 2 , h). On each of the lines, we get a simple point, unless h is a cube. However, in the polynomial ring k[x, y], a general linear combination of two cubes αx 3 + βy 3 is a cube if and only if the characteristic of k is 3. If we specialize from a nonsingular conic to a union of two lines, we get at least the same multiplicities in the limit as in the general elements. Thus, unless we are in characteristic 3, we have a simple point of the general complete intersection (q, h).
Let be a linear form which meets X = V (q, f ) in a simple point only. Then the residual subscheme Y given by (q, f ) : has h-vector (1, 2, 2) by linkage. Thus q is the only quadric vanishing on Y , which shows that multiplication by is injective from degree 2 to degree 3 on the coordinate ring of X and since it is a zerodivisor on X it is also injective on A = S/(f, g, h). Now, suppose that q is a square. We can assume that q = x 2 after a change of variables and that (x, y) defines a point where (x, f ) is not a double point. We can write f = a 0 xy 2 + a 1 xyz + a 2 xz 2 + a 3 y 3 + a 4 y 2 z + yz 2 , since we know that the coefficient of yz 2 is non-zero as (x, y) is not a double point on (x, f ). We look at the multiplication by the linear form = αx + βy, for α, β ∈ k. We can choose bases {xy, xz, y 2 , yz, z 2 } and {xy 2 , xyz, xz 2 , y 3 , y 2 z, z 3 } for B 2 and B 3 since f allows us to solve for yz 2 . Then the matrix corresponding to multiplication by will be 
with the first maximal minor equal to β 4 (α − a 2 β). Thus for β = 0 and α = a 2 β, the multiplication by is injective on S/(q, f ) from degree 2 to degree 3. Since is a zerodivisor on X, we conclude that is also injective on S/(q, f, g).
We now turn to the remaining case, when the characteristic of k is 3 and f, g are cubes of linear forms, and suppose that q is not a power of a linear form. We can assume that f = y 3 and g = z 3 . Furthermore, we may assume that (x, y) defines a point on q = 0 other than the double point of q. Since (q, f, g) is a complete intersection, the coefficient of x 2 in q has to be non-zero, so we may write q = x 2 + a 1 xy + a 2 xz + a 3 y 2 + a 4 yz. Now we choose bases {xy, xz, y 2 , yz, z 2 } and {xy 2 , xyz, xz 2 , yz 3 , y 2 z, z 3 } for A 2 and A 3 and the multiplication homomorphism for the linear form = αx + βy is given by
The first maximal minor of this matrix equals α 3 (a 4 α−a 2 β) 2 which is non-zero for general α, β unless a 2 = a 4 = 0. If a 2 = a 4 = 0, we have that q is a product of two linear forms vanishing at [0 : 0 : 1], contradicting the assumption that (x, y) is a smooth point of q. Hence we conclude that the only possibility for the WLP to fail is when the characteristic of k is 3 and I = (x 2 , y 3 , z 3 ) up to a change of variables, which indeed fails the WLP in characteristic 3.
Theorem 3.8. Any artinian Gorenstein algebra S/I with Hilbert function (1, 3, 6, 6, 3, 1) has the WLP unless the characteristic of k is 3 and the ideal I = (x 2 y, x 2 z, y
, after a change of variables.
Proof. Let A = S/I be an artinian Gorenstein algebra with Hilbert function (1, 3, 6, 6, 3, 1) . By [5, Theorem 2.1], the ideal of any Gorenstein algebra of codimension 3 is given by the pfaffians of a skew-symmetric matrix. In this case, we either have a 5 × 5-matrix, or a 7 × 7-matrix. In the latter case, the matrix can be written as
where P is a 4 × 4-matrix of quadrics and N is a 4 × 3-matrix of linear forms. By [33, Lemma 2.12], the four cubics in the ideal I have no GCD of degree > 0. These four cubics in I are given by the maximal minors of N and hence define a codimension 2 Cohen-Macaulay ring. Thus it is clear that the multiplication by a non-zerodivisor gives injective multiplication also on A up to degree 2. Now look at the case of a 5 × 5-matrix. Denote the five pfaffians by f 1 , f 2 , f 3 , f 4 , f 5 in the natural order. Let
Since we are in a polynomial ring S with only three variables, we can eliminate 4 by means of row and column operations, keeping the matrix skew-symmetric. Let J be the ideal defined by the first three cubics. These are the maximal minors of the upper right 3 × 2-block. Hence they define a codimension 2 Cohen-Macaulay algebra of multiplicity 7 and Hilbert function (1, 3, 6, 7, 7, 7 , . . . ) unless there is a common factor among them. If there were a common factor, f , we see from the colon ideal (I : f ) that we get a Gorenstein quotient with three forms, f 1 /f, f 2 /f, f 3 /f , of degree 1 or 2 in the ideal (I : f ). In degree 1 the three forms would generate everything forcing (I : f ) = m. If we had three quadrics, the Hilbert function of S/(I : f ) would be (1, 3, 3, 3, 1) , but then there would be another linear syzygy among the three forms f 1 , f 2 , f 3 , contradicting that the matrix Q gave all the syzygies of the forms f 1 , f 2 , f 3 , f 4 , f 5 . Thus we conclude that we get a zero-dimensional subscheme, X, of length 7 defined by the ideal J.
If the linear forms 1 , 2 , 3 are linearly independent, we have that the quartic generator, f 5 , satisfies f 5 m ⊆ (f 1 , f 2 , f 3 , f 4 ). Thus f 5 is a socle element in B = S/(f 1 , f 2 , f 3 , f 4 ), so since A is artinian, also B must be artinian. Suppose that WLP does not hold. By Proposition 3.3, since the linear forms are independent, the length 7 scheme X contains no subscheme of length 6 lying on a conic.
On the other hand, let P 1 and P 2 be general (in particular distinct) points in P 2 . These points impose independent conditions on the vector space spanned by f 1 , f 2 , f 3 , f 4 , and so define a pencil, hence a complete intersection, Y . Let
be defined as in Proposition 3.6. We assume from now on that the ideal generated by f 1 , f 2 , f 3 , f 4 fails the WLP from degree 2 to degree 3. Assume first that Φ is generically one-to-one. By Proposition 3.6, this complete intersection is a reduced Hesse configuration, H. Thus the line spanned by P 1 and P 2 contains a third point of H. It follows that the residual to P 1 ∪ P 2 is a length 7 subscheme with the same Betti numbers as X, containing a length 6 subscheme lying on a conic. Indeed, the residual to any length 2 subscheme of H is a length 7 subscheme containing a subscheme of length 6 lying on a conic. Since the ideal of H can be viewed as a point of the Grassmannian G(2, 4), we can specialize H to a complete intersection containing X. By semicontinuity, X also has the property that it contains a length 6 subscheme lying on a conic. Contradiction. Now assume that Φ is generically three-to-one. It follows that deg Φ(P 2 ) = 3. If P is a general point of P 2 , the 3-dimensional subspace of W determined by the vanishing at P in fact also vanishes on a length 3 subscheme Σ P , as described in Proposition 3.6. Now, the ideal of X is generated by three cubics, and we can assume that they are f 1 , f 2 , f 3 . Thus X is the pre-image of the point [0 : 0 : 0 : 1] under Φ.
We will now prove that Φ(P 2 ) is not a cone with vertex at the point [0 : 0 : 0 : 1]. Suppose that Φ(P 2 ) were a cone with vertex at P = [0 : 0 : 0 : 1]. Then the general hyperplane through [0 : 0 : 0 : 1] cuts Φ(P 2 ) in a union of three distinct lines according to Proposition 3.6. Since the inverse image W of this hyperplane section is given by a general form αf 1 + βf 2 + γf 3 of the linear system f 1 , f 2 , f 3 , it has to be a union of three distinct lines in P 2 . The intersection between any two of these lines has to map to [0 : 0 : 0 : 1], so it is a point in the support of X. Since there are only finitely many such line configurations meeting at three distinct points of X, we would get that the general point of Φ(P 2 ) had an inverse image lying on the union of a finite number of lines, unless the general hyperplane section gives three lines in P 2 through a single point. However, this means that the general form αf 1 + βf 2 + γf 3 is a cubic in two linear forms, which contradicts the assumption that there is a linear syzygy among f 1 , f 2 , f 3 involving all three variables x, y, z. Thus Φ(P 2 ) cannot be a cone with vertex at [0 : 0 : 0 : 1]. Choosing a general point P ∈ Φ(P 2 ), the line joining P and [0 : 0 : 0 : 1] meets Φ(P 2 ) in zero-dimensional scheme, so the pre-image of this scheme is a complete intersection of type (3, 3) containing X. However, the pre-image of P is a length 3 scheme disjoint from X. Since X has length 7, this is impossible.
We conclude that if the linear forms 1 , 2 , 3 in the Buchsbaum-Eisenbud matrix are linearly independent then S/I must have the WLP, regardless of the characteristic of the field k. Now assume that 1 , 2 , 3 are linearly dependent. Then they must span a 2-dimensional vector space, since a syzygy must involve at least two generators. Hence we can assume that also 3 = 0. From the skew-symmetric matrix, we can see that 4 = 3 = 0 implies that (f 1 , f 2 , f 3 , f 4 ) ⊆ ( 1 , 2 ). Hence we must have that the saturation of (f 1 , f 2 , f 3 , f 4 ) is equal to ( 1 , 2 ), so in particular B = S/(f 1 , f 2 , f 3 , f 4 ) is not artinian. Now f 5 is not a socle element, but since ( 1 , 2 )f 5 ⊆ (f 1 , f 2 , f 3 , f 4 ), we have that the Hilbert function of the ideal (f 5 ) in B must be (0, 0, 0, 0, 1, 1, 1, . . . ). Thus the Hilbert function of B must be (1, 3, 6, 6, 4, 2, 1, 1, 1, . . . ). Let Y be the subscheme of P 2 defined by ( 1 , 2 ) and let X be the subscheme of P 2 defined by J = (f 1 , f 2 , f 3 ). The ideal generated by f 4 in R X = S/J has Hilbert function (0, 0, 0, 1, 3, 5, 6, 6, 6 , . . . ) and the cyclic module corresponds to the coordinate ring of a complete intersection defined by (q 6 , f 3 ). Denote this subscheme by Z. We now have that X = Z ∪ Y as subschemes and we have an inclusion
which is an isomorphism from degree 2 and higher because the Hilbert functions agree in these degrees. The form f 4 is zero on R Y and hence a non-zerodivisor on R Z . Thus we get an injection
By Lemma 3.7, R Z /(f 4 ) has the WLP except when the characteristic of k is 3 and after change of variables, (q 6 , f 3 , f 4 ) = (x 2 , y 3 , z 3 ). Clearly R Y always has the WLP. Thus B, and hence A, has the WLP except when the characteristic of k is 3 and after change of variables, (q 6 , f 3 , f 4 ) = (x 2 , y 3 , z 3 ). Since the cubics in the Gorenstein ideal are given by 1 q 6 , 2 q 6 , 1 q 3 − 2 q 2 , 1 q 5 − 2 q 4 , we have to have q 6 = x 2 and ( 1 , 2 ) = (y, z). This means that the cubics in the ideal are x 2 y, x 2 z, y 3 , z 3 . We can find the quartic generator by computing the appropriate Pfaffian from (3.1), using q 3 = y 2 , q 4 = z 2 , q 2 = 0, q 5 = 0, q 1 = x 2 , and we obtain f 5 = x 4 + y 2 z 2 as desired. Indeed, a direct calculation shows that this fails the WLP in characteristic 3.
The proof of the above theorem shows that in the general case (when the skewsymmetric matrix has size 5 × 5), three of the four minimal generators of degree 3 can be chosen as the saturated ideal of a zero-dimensional scheme of length 7. The question of whether 1 , 2 , 3 are independent is not related to whether or not a suitable Gorenstein algebra exists (since we assume that we begin with a Gorenstein algebra), but rather whether the degree 3 component is artinian (see also Proposition 3.3). That is, in this situation the general behavior is for the fourth cubic generator to be a non-zerodivisor on the coordinate ring of this length 7 scheme. In the next example we show that in either case, this length 7 scheme can even be curvilinear (i.e. lying on a smooth curve) and supported at a point. The first is bijective due to a result by Gordan and Noether stating that a ternary form with vanishing Hessian has to reduce to a binary form after a linear change of coordinates (see [14] and [27, Theorem 30] ). For lower socle degrees, the argument is exactly the same with a shift of degrees.
Remark 3.14. An even finer study of the multiplications by powers of linear forms include the various Jordan partitions that we may get for multiplication by linear forms on the artinian algebra considered as a k-vector space. In particular, we look at the case where the WLP fails for artinian Gorenstein algebras with h-vector (1, 3, 6, 6, 3, 1) . In this case, the ideal after a change of variables is given by I = (x 2 y, x 2 z, y 3 , z 3 , x 4 + y 2 z 2 ). We get partition (6, 3, 3, 3, 3, 1, 1) for a general linear form. There are only two other possibilities, one for multiplication by x where we get (6, 2, 2, 2, 2, 2, 2, 2) and one for multiplication by ay + bz where we get (3, 3, 3, 3, 3, 3, 1, 1) .
In characteristic zero, a general linear form will have the partition (6, 4, 4, 2, 2, 2), because of the SLP. This shows that all artinian Gorenstein algebras with Hilbert function (1, 3, 6, 6, 3, 1) and five minimal generators can be obtained as S/(I X + I Y ) where X and Y are as described above.
